For sequences {a i }, {b i }, and {a i + b i }, we proved two old results using our own method: G a + G b ≤ G a+b and H a + H b ≤ H a+b , where G s and H s indicate the geometric mean and harmonic mean of sequence {s i } respectively. Applying these inequalities, we then successfully generalized two results by Lai and Kim to the case of multiple sequences.
Introduction
In [4] Lai and Kim studied the series be a positive sequence, and let A a and H a be the arithmetic mean and harmonic mean of {a i } respectively, we have
In these theorems, Lai and Kim only considered the fractions involving one sequence in the denominator. Originally, we were thinking to improve these inequalities to the case involving two sequences, {a i } and {b i }. That is, 1
,
Very soon we realized that 
. After further study, we learned that the inequality G a +G b ≤ G a+b was first introduced by Hardy, Littlewood, and Polya in [3] as Theorem 10 without a proof. In 2004, Steele also mentioned this inequality and provided a proof in [5] . In this paper, using only elementary algebra we give a proof of our own. After we extend it to G a 1 + · · · + G am ≤ G a 1 +···+am , we then successfully improve Theorem 1.1 to the case of m sequences. As for H a + H b ≤ H a+b , which is an implication of Theorem 24 also in [3] , we, in section 3, first prove it using our own method. And likewise, we then extend it to H a 1 + · · · + H am ≤ H a 1 +···+am and generalize Theorem 1.2 to the case of m sequences.
Before we introduce our main results, here we briefly mention the notations that will be used in this paper. Without any confusion, we use {a i } to indicate the sequence {a i } n i=1 . When we consider m sequences, {(a 1 ) i } , · · · , {(a m ) i }, the notation {(a j ) i } will be the short for the j th sequence {(a j ) i } n i=1 . As used earlier, A a , G a , and H a are the arithmetic mean, geometric mean, and harmonic mean of sequence {a i } respectively. When considering m sequences, we will use A a j , G a j , and H a j for the three means of the j th sequence, {(a j ) i }. In one of our proofs in section 2, we also use the notation G a(j,k) to indicate the geometric mean of the partial sequence {a j , a j+1 , · · · , a k−1 , a k }.
First Result
As introduced earlier, the next theorem was first mentioned by Hardy, Littlewood, and Polya as Theorem 10 in [3] .
and {b i } n i=1 be two positive sequences. Let G a and G b be the geometric means of {a i } and {b i } respectively, and let G a+b be the geometric mean of the sequence
Here we provide two proofs. The first one is our own proof, and we use a rarely used technique introduced by Cauchy (see [1] ), the forward-backward induction.
Proof. This inequality is trivial when n = 1, so we start with the special case when n = 2 m , and we will use induction to prove it. When n = 2 we need to prove that
This can be easily verified by squaring both sides. We then assume that the inequality is true when n = 2 k for an arbitrary but fixed k. We want to prove that
The left side (LS) is actually the sum of (
Applying the case when n = 2, and then the inductive assumption, we have
According to the principle of mathematical induction, this inequality is true when n = 2 m . If n is not an exponent of 2, there exists a smallest integer k such that n <
the above inequality is equivalent to
The desired inequality is then proved by clearing out the exponent.
The second proof was given by Steele in [5, p.234 ]. This proof is very simple yet elegant, so we would also like to summarize it here.
Proof. According to AM-GM inequality,
The theorem is then proved by clearing out the denominator.
The next theorem is a direct corollary of Theorem 2.1, and can be easily proved using mathematical induction. We therefore skip the proof here. 
Applying Theorem 2.2 we then can generalize Theorem 1.1 to the case of m sequences, our first main result. Theorem 2.3. Let {(a 1 ) i } , · · · , {(a m ) i } be m positive sequences, in each n elements. For any j, let A a j and G a j be the arithmetic mean and the geometric mean of {(a j ) i } respectively. We have
The reciprocal of this inequality then proves the left inequality of our claim.
n . The right inequality of our claim is therefore the direct result from Theorem 2.2.
Second Result
We start this section with the following lemma. This property plays a key role in our proof of Theorem 3.2. 
Proof. The claimed inequality is equivalent to (a + c)(
After we multiply them out and simplify the like terms, it becomes a 2 d 2 + b 2 c 2 ≥ 2abcd, the AM-GM inequality. The equality will be reached when a = b and c = d.
The next theorem is an implication of Theorem 24 in [3] . The proof of Theorem 24 provided by Hardy, Littlewood, and Polya is a little complicated and requires some knowledge not related to this paper, so we skip that proof here. As for our own proof, with the help of Lemma 3.1, we only use elementary algebra as well.
and {b i } n i=1 be two positive sequences. Let H a and H b be the harmonic means of {a i } and {b i } respectively, and let H a+b be the harmonic mean of the sequence
Proof. Applying the mathematical induction, we first prove the special case when n = 2. That is,
This inequality is equivalent to
which can be simplified to
According to Lemma 3.1, this last inequality is obviously true. We assume that the claim is true for n = k, an arbitrary but fixed number, and we want to prove that the claim is also true when n = k + 1. That is, we want to prove that
. This is equivalent to
according to our assumption, and
, we only need to prove that
according to Lemma 3.1,
. . .
The inequality is then proved by summing all the above. Therefore, according to the principle of mathematical induction, H a +H b ≤ H a+b .
The next theorem, again, can be easily derived using mathematical induction. We will then once more leave the proof to the reader. 
Once we established Theorem 3.3, we then can prove the next theorem, our second main result. 
Proof. According to AM-HM inequality,
, which is equivalent to the left side of the above inequality. We notice that
We already know that H a 1 + · · · + H am ≤ H a 1 +···+am according to Theorem 3.3. Therefore, Theorem. (Lai and Kim) Let {a i } be a positive sequence, and let G a be the geometric mean of {a i }, we have
(ii)
Although our attempt of generalizing this theorem has not achieved much success yet, we found another proof of this theorem using Jensen's inequality in our study. We would like to share it here.
Proof. Consider the function f (x) = 1 1+e x . We notice that f (x) = , which can be simplified to the inequality in (ii).
